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Abstract
Suppose M is a manifold with boundary. Choose a point o ∈ ∂M . We investigate the prescribed
Ricci curvature equation Ric(G) = T in a neighborhood of o under natural boundary conditions. The
unknown G here is a Riemannian metric. The letter T on the right-hand side denotes a (0,2)-tensor.
Our main theorems address the questions of the existence and the uniqueness of solutions. We explain,
among other things, how these theorems may be used to study rotationally symmetric metrics near the
boundary of a solid torus T . The paper concludes with a brief discussion of the Einstein equation on T .
1 Introduction
The main theme of the present paper is the prescribed Ricci curvature equation. We begin with a brief
historical review. Suppose M is a closed manifold. Let T be a (0, 2)-tensor on M . Consider the prescribed
Ricci curvature equation
Ric(G) = T (1.1)
for a Riemannian metric G on M . Whether or not (1.1) has a solution is a significant question in geometric
analysis. The first major step towards answering this question was taken by D. DeTurck. More specifically,
assume the tensor T is nondegenerate at a point o ∈M . Then it is possible to solve (1.1) in a neighborhood
of o. This result was originally established in D. DeTurck’s paper [15]. Alternative proofs appeared later
in several sources including [6, 22]. One might not be able, however, to solve equation (1.1) on all of M .
A strong nonexistence theorem for (1.1) was offered by D. DeTurck and N. Koiso in [17]. It tells us that,
whenever T is positive-definite, there is a constant cT > 0 such that cTT is not the Ricci curvature of any
Riemannian metric on M . The books [21, 6, 4] contain rather detailed surveys of the results discussed in
this paragraph. For related work, check out [16, 5, 14, 13, 24] and references therein.
Whether a solution of (1.1) is unique in any sense is also an important question in geometric analysis.
Progress on this question was made in many papers such as [19, 17, 27, 8, 14, 23]. As of today, however, a
complete answer is still lacking. The reader may consult [21, 6, 4] for surveys of some of the results. This
concludes our historical review. A little more information will be given in the end of Section 3. Meanwhile,
we are ready to explain the problem we intend to investigate in the present paper.
Let us change our setup a little. From now on, we suppose M is a manifold with boundary ∂M . As
before, we choose a (0, 2)-tensor T on M . Consider the prescribed Ricci curvature equation (1.1) on M . A
new question arises: does this equation have a solution satisfying interesting boundary conditions? Assume
T is nondegenerate. The main result of [15] implies that, given a point in the interior of M , one can find a
neighborhood V of this point and a Riemannian metric G on V such that (1.1) holds in V . On the other
hand, the nonexistence theorem of [17] suggests that, at least for positive-definite T , it may be problematic
to solve (1.1) on all of M ; cf. Remark 4.2 below. Thus, it seems natural to refine the question we just
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asked as follows: given o ∈ ∂M , can one find a neighborhood V of o and a Riemannian metric G such
that (1.1) holds in V and G satisfies interesting boundary conditions on V ∩ ∂M? Also, it is important to
understand what can be said about the uniqueness of G. Up until now, not much was known about (1.1) on
manifolds with boundary (however, see [3]). Related topics were studied in [16, 1, 3, 25] and several other
works. In particular, one indication of appropriate boundary conditions comes from general relativity. This
is demonstrated by [16] and references therein (specifically, see the papers by Y. Choquet-Bruhat).
Choose a neighborhood U of o ∈ ∂M . Suppose (r, q1, . . . , qn−1) is a coordinate system in U with r taking
values in [0,∞) and q1, . . . , qn−1 taking values in R. Thus, ∂∂r is transverse to the boundary on U ∩ ∂M .
This paper addresses the questions raised in the previous paragraph stipulating that the components of the
Riemannian metric G with respect to (r, q1, . . . , qn−1) take a certain simple form. Related research was
carried out by J. Cao and D. DeTurck in [8]. The reader will find a brief discussion of this in the end of
Section 3. Meanwhile, let us explain our main results in more detail.
We consider the prescribed Ricci curvature equation (1.1) near o ∈ ∂M . The boundary conditions we
impose are
G∂M = R, II(G) = S; (1.2)
cf. [16]. Here, G∂M is the metric induced byG on U∩∂M , and II(G) is the second fundamental form of U∩∂M
computed in G with respect to the outward unit normal. The right-hand sides, R and S, are (0, 2)-tensors
on U ∩ ∂M . It is clear that R must be positive-definite. We restrict our attention to Riemannian metrics
near o ∈ ∂M that satisfy two requirements: Firstly, they are diagonal in the coordinates (r, q1, . . . , qn−1).
Secondly, their components in these coordinates do not depend on q1, . . . , qn−1. Such Riemannian metrics
will be called type A metrics near o ∈ ∂M . Further in the text, we will discuss the prescribed Ricci curvature
equation on a solid torus. That discussion will furnish geometrically meaningful examples of type A metrics
near o ∈ ∂M .
Now we can summarize the main results of the present paper. They are stated in Section 3 as The-
orems 3.1, 3.5, and 3.8. Suppose the tensor T on the right-hand side of (1.1) is nondegenerate (actually,
it suffices for our purposes to impose an assumption that is weaker but more difficult to formulate). The-
orems 3.1 and 3.5 provide a necessary and sufficient condition for the existence of a type A metric on a
neighborhood of o ∈ ∂M solving (1.1) and satisfying (1.2). This condition is exceedingly easy to verify.
Theorem 3.8 shows that any two type A metrics near o ∈ ∂M solving (1.1) and satisfying (1.2) must be
the same; cf. [3]. One more comment is in order here. The methods in Section 3 can be used to investi-
gate invariant metrics with prescribed Ricci curvature on cohomogeneity one manifolds. We explain this in
Remark 3.10 below.
Consider a solid torus T . Section 4 demonstrates how our Theorems 3.1, 3.5, and 3.8 help study rota-
tionally symmetric metrics on a neighborhood of ∂T . One can check that such metrics are type A metrics
near every point of ∂T in properly chosen coordinates. They often occur in applications; see, e.g., [12] and
references therein.
The paper ends with a brief look at the Einstein equation. The solutions of this equation in the class
of rotationally symmetric metrics on T can be found explicitly through a simple computation (note that
they are metrics with constant sectional curvature since T is 3-dimensional). We list them in Section 5,
Proposition 5.1. There is a connection between the content of that section and the topics discussed in [1, 10].
N.B.: Throughout the paper, we deal with smooth tensors. This seems to be the most natural way to
present the material. It is possible, however, to modify our results so that they apply to tensors with weaker
differentiability properties. We leave the details to the reader.
2 Tensors near the boundary
Suppose M is a smooth oriented n-dimensional (n ≥ 2) manifold with boundary ∂M . Our principal goal is
to study the prescribed Ricci curvature equation on M . In this section, we present the notation, review the
necessary background, and state two lemmas.
Choose a point o ∈ ∂M . Assume U is a neighborhood of o and (r, q1, . . . , qn−1) is a coordinate system in
U centered at o. The parameter r takes values in [0,∞), while q1, . . . , qn−1 takes values in R. The intersection
U ∩ ∂M consists of the points (0, q1, . . . , qn−1) in U for which q1, . . . , qn−1 ∈ R. Given x ∈ (0,∞), define the
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neighborhood Ux of o in M to be the set of (r, q1, . . . , qn−1) with r ∈ [0, x) and q1, . . . , qn−1 ∈ R. We say
that a smooth (0,2)-tensor T on Ux is a type A tensor on Ux if
T = σ(r) dr ⊗ dr +
n−1∑
i=1
φi(r) dqi ⊗ dqi, r ∈ [0, x), (2.1)
for functions σ and φ1, . . . , φn−1 from [0, x) to R. Thus, T has to be diagonal in the coordinates (r, q1, . . . , qn−1),
and its components have to be independent of q1, . . . , qn−1. Accordingly, a smooth Riemannian metric G on
Ux is a type A metric on Ux if
G = h2(r) dr ⊗ dr +
n−1∑
i=1
f2i (r) dqi ⊗ dqi, r ∈ [0, x), (2.2)
where h and f1, . . . , fn−1 are functions from [0, x) to (0,∞). We will now state two computational lemmas,
which we will use throughout the paper.
Suppose G is a type A metric on Ux given by (2.2). Its Ricci curvature will be denoted by Ric(G). The
following lemma expresses Ric(G) in terms of h and f1, . . . , fn−1. Originally, a version of this lemma for
n = 3 was provided to us by Andrea Young. Related computations may be found in, e.g., [19, 7, 10, 18, 12]
and [6, Chapter 9]. In this section and in Section 3, the prime designates differentiation with respect to r.
Lemma 2.1. The Ricci curvature of the metric G given by (2.2) satisfies the equality
Ric(G) =
n−1∑
j=1
(
−f
′′
j
fj
+
h′f ′j
hfj
)
dr ⊗ dr +
n−1∑
i=1
(
−fif
′′
i
h2
+
h′fif
′
i
h3
+
(f ′i)
2
h2
−
n−1∑
j=1
fif
′
jf
′
i
h2fj
)
dqi ⊗ dqi
on the set Ux.
Proof. Direct calculation.
The metric G induces a Riemannian metric G∂M on U ∩ ∂M . It is evident that
G∂M =
n−1∑
i=1
f2i (0) dqi ⊗ dqi. (2.3)
We denote by II(G) the second fundamental form of U ∩ ∂M computed in the metric G with respect to the
outward unit normal. It is easy to express II(G) in terms of h and f1, . . . , fn−1.
Lemma 2.2. The equality
II(G) = −
n−1∑
i=1
fi(0)f
′
i(0)
h(0)
dqi ⊗ dqi
holds.
Proof. Another direct calculation.
3 Prescribed Ricci curvature
In this section, we discuss the existence of solutions to the prescribed Ricci curvature equation in the class of
type A metrics on a neighborhood of the point o ∈ ∂M . Also, we will address the issue of uniqueness. More
precisely, fix x ∈ (0,∞) and consider a tensor T on Ux given by formula (2.1). Suppose α1, . . . , αn−1 and
η1, . . . , ηn−1 are real numbers with α1, . . . , αn−1 > 0. We introduce the (0,2)-tensors R and S on U ∩ ∂M
by setting
R =
n−1∑
i=1
α2i dqi ⊗ dqi, S =
n−1∑
i=1
ηi dqi ⊗ dqi. (3.1)
Our goal is to answer the following questions:
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1. Is it possible to find, for some ǫ0 ∈ (0, x), a type A metric G on Uǫ0 such that the Ricci curvature of G
equals T , the induced metric G∂M equals R, and the second fundamental form II(G) coincides with S?
2. When such a G exists, is it unique?
In the spirit of [15], we will impose a nondegeneracy-type assumption on T . More specifically, we will require
that σ be bounded away from 0. Our first result is a relatively simple necessary condition for the existence
of G. We will demonstrate below that this condition is also sufficient.
Theorem 3.1. Let G be a type A metric on Ux such that Ric(G) = T with the tensor T given by (2.1).
Assume σ(0) is not equal to 0. Suppose that G∂M = R and II(G) = S on U ∩ ∂M with the tensors R and S
defined by (3.1). Then the quantity
1
σ(0)
n−1∑
j=1
(
1
α2j
φj(0) + 2
n−1∑
k=j+1
ηkηj
α2kα
2
j
)
is positive.
Proof. Let us write G in the form (2.2). According to Lemma 2.1, the fact that Ric(G) = T translates as
n−1∑
j=1
(
−f
′′
j
fj
+
h′f ′j
hfj
)
= σ,
−fif
′′
i
h2
+
h′fif
′
i
h3
+
(f ′i)
2
h2
−
n−1∑
j=1
fif
′
jf
′
i
h2fj
= φi, i = 1, . . . , n− 1. (3.2)
We find f ′′1 , . . . , f
′′
n−1 from the equations involving φ1, . . . , φn−1 and substitute the results into the equation
involving σ. This yields
n−1∑
j=1
(
h2
f2j
φj + 2
n−1∑
k=j+1
f ′kf
′
j
fkfj
)
= σ
on [0, x). Using formula (2.3) and Lemma 2.2, we derive
n−1∑
j=1
(
h2(0)
α2j
φj(0) + 2
n−1∑
k=j+1
h2(0)ηkηj
α2kα
2
j
)
= σ(0).
Consequently,
1
σ(0)
n−1∑
j=1
(
1
α2j
φj(0) + 2
n−1∑
k=j+1
ηkηj
α2kα
2
j
)
=
1
h2(0)
> 0. (3.3)
Remark 3.2. Suppose the conditions of Theorem 3.1 are satisfied. Then the outward unit normal vector field
on U ∩ ∂M with respect to the metric G is equal to
− 1
h(0)
∂
∂r
= −
√√√√ 1
σ(0)
n−1∑
j=1
(
1
α2j
φj(0) + 2
n−1∑
k=j+1
ηkηj
α2kα
2
j
)
∂
∂r
.
This is a simple consequence of formula (3.3) in the proof above.
Remark 3.3. It is possible to derive Theorem 3.1 from the Gauss equation. Indeed, together with our
assumptions and the fact that R is a flat metric on U ∩ ∂M , this equation implies
n−1∑
i=1
1
α2i
φi(0) =
σ(0)
h2(0)
+
n−1∑
i=1
η2i
α4i
−
(
n−1∑
i=1
ηi
α2i
)2
.
An elementary computation then leads to formula (3.3).
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Remark 3.4. As in Theorem 3.1, suppose G is a type A metric on Ux such that Ric(G) = T , G∂M = R, and
II(G) = S with T , R, and S given by (2.1) and (3.1). Assume that σ(0) = 0. Then
n−1∑
j=1
(
1
α2j
φj(0) + 2
n−1∑
k=j+1
ηkηj
α2kα
2
j
)
= 0.
One can verify this easily by retracing the above proof of Theorem 3.1.
We are ready to formulate our next result. It will complete our discussion of the existence of G.
Theorem 3.5. Let T be a type A tensor on Ux given by formula (2.1). Suppose σ(0) is not equal to 0. Let
R and S be tensors on U ∩ ∂M defined by (3.1). Assume that
1
σ(0)
n−1∑
j=1
(
1
α2j
φj(0) + 2
n−1∑
k=j+1
ηkηj
α2kα
2
j
)
> 0. (3.4)
Then, for some ǫ0 ∈ (0, x), there exists a type A metric G on Uǫ0 satisfying the equality Ric(G) = T on Uǫ0
together with the equalities G∂M = R and II(G) = S on U ∩ ∂M .
Proof. The argument we use may be viewed as a variant of D. DeTurck’s argument from [6, Chapter 5]. We
elaborate on this in Remark 3.7 below. Meanwhile, our goal is to find a type A metric G near o ∈ ∂M such
that Ric(G) = T , G∂M = R, and II(G) = S. In order to do so, we first consider the system
hˆ′′ =
√√√√ 1
σ ◦ hˆ′
n−1∑
j=1
(
hˆ2
fˆ2j
(φj ◦ hˆ′) + 2
n−1∑
k=j+1
fˆ ′kfˆ
′
j
fˆkfˆj
)
,
fˆ ′′i =
hˆ2
fˆi
(
−φi ◦ hˆ′ + hˆ
′fˆifˆ
′
i
hˆ3
+
(fˆ ′i)
2
hˆ2
−
n−1∑
j=1
fˆifˆ
′
j fˆ
′
i
hˆ2fˆj
)
. (3.5)
Here, i takes the values 1, . . . , n− 1, while the unknown hˆ and fˆ1, . . . , fˆn−1 are real-valued functions of the
parameter r ∈ [0, x). We impose the initial conditions by requiring that
hˆ(0) = 1, fˆi(0) = αi, hˆ
′(0) = 0, fˆ ′i(0) = −
ηi
αi
, i = 1, . . . , n− 1. (3.6)
These conditions, together with (3.4), ensure that the right-hand sides of equations (3.5) are well-defined
when r = 0. Further, the expression under the square root symbol is positive at r = 0. Employing
the standard Picard-Lindelo¨f existence theory for ordinary differential equations, one can demonstrate that
problem (3.5)–(3.6) has a solution on the interval [0, ǫ] for some ǫ ∈ (0, x). More specifically, there are
smooth functions hˆ and fˆ1, . . . , fˆn−1 on [0, ǫ] such that formulas (3.5) hold on [0, ǫ] and formulas (3.6) hold
as well. In particular, these functions are not 0 on [0, ǫ]. The values of hˆ′ on [0, ǫ] lie in [0, x). Note that hˆ
and fˆ1, . . . , fˆn−1 are all positive at r = 0. The same can be said about the second derivative hˆ
′′. Therefore,
hˆ and fˆ1, . . . , fˆn−1 are positive on [0, ǫ], and we may assume that ǫ is small enough to guarantee that hˆ
′′ is
positive on [0, ǫ].
Let us proceed to construct G near o ∈ ∂M such that Ric(G) = T , G∂M = R, and II(G) = S. With the
functions hˆ and fˆ1, . . . , fˆn−1 at hand, we introduce the metric Gˆ on Uǫ according to the formula
Gˆ = hˆ2(r) dr ⊗ dr +
n−1∑
i=1
fˆ2i (r) dqi ⊗ dqi, r ∈ [0, ǫ).
Denote ǫ0 = hˆ
′(ǫ). Consider the map Θ : Uǫ → Uǫ0 given in our coordinates by
Θ
(
(r, q1, . . . , qn−1)
)
=
(
hˆ′(r), q1, . . . , qn−1
)
, r ∈ [0, ǫ), q1, . . . , qn−1 ∈ R.
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Since hˆ′′ is positive on [0, ǫ), this map is a diffeomorphism. We set G = (Θ−1)∗Gˆ, where the asterisk
designates pullback. It is clear that G is a type A metric on Uǫ0 . To complete the proof, we need to show
that Ric(G) = T , G∂M = R, and II(G) = S.
Formulas (3.5) imply
n−1∑
j=1
(
− fˆ
′′
j
fˆj
+
hˆ′fˆ ′j
hˆfˆj
)
= (hˆ′′)2(σ ◦ hˆ′),
− fˆifˆ
′′
i
hˆ2
+
hˆ′fˆifˆ
′
i
hˆ3
+
(fˆ ′i)
2
hˆ2
−
n−1∑
j=1
fˆifˆ
′
j fˆ
′
i
hˆ2fˆj
= φi ◦ hˆ′, i = 1, . . . , n− 1,
when the variable r takes values in [0, ǫ). Consequently, in view of Lemma 2.1, the equality Ric(Gˆ) = Θ∗T
holds on Uǫ. We use this equality to conclude that
Ric(G) = Ric
(
(Θ−1)∗Gˆ
)
= (Θ−1)∗Ric(Gˆ) = (Θ−1)∗Θ∗T = T
on Uǫ0 . It remains to study the behavior of G near the boundary.
Due to conditions (3.6), the metric Gˆ∂M induced by Gˆ on U ∩ ∂M coincides with R. Employing (3.6)
and Lemma 2.2, we can also establish that II(Gˆ) equals S. Besides, the restriction of Θ to U ∩ ∂M is the
identity map. These facts imply that
G∂M = (Θ
−1)∗Gˆ∂M = Gˆ∂M = R,
II(G) = II
(
(Θ−1)∗Gˆ
)
= (Θ−1)∗ II(Gˆ) = II(Gˆ) = S.
Thus, we have verified all the required properties of G.
Remark 3.6. In the proof of Theorem 3.5, the components of G can be expressed through the components
of Gˆ. More specifically, if G is given by (2.2), one easily sees that
h =
hˆ
hˆ′′
◦ (hˆ′)−1, fi = fˆi ◦ (hˆ′)−1, i = 1, . . . , n− 1. (3.7)
When carrying out the proof, we derived the equalities Ric(G) = T , G∂M = R, and II(G) = S from the
formula G = (Θ−1)∗Gˆ. Alternatively, one could verify them using Lemmas 2.1 and 2.2 together with (3.7).
Remark 3.7. Chapter 5 of the book [6] describes a method, due to D. DeTurck, for obtaining Riemannian
metrics with prescribed Ricci curvature on a neighborhood of an interior point of a manifold. Our proof
of Theorem 3.5 may be interpreted as an implementation of that method in the framework of ordinary
differential equations.
The next result establishes the uniqueness of G. Roughly speaking, we will demonstrate that any type A
metric G˜ near o ∈ ∂M with the same Ricci curvature and the same boundary behavior as G must coincide
with G. Note that the paper [3] discusses a closely related statement.
Theorem 3.8. Let T be a tensor on Ux given by (2.1). Suppose σ(r) 6= 0 whenever r ∈ [0, x). Let G and
G˜ be type A metrics on Ux satisfying the equality
Ric(G) = Ric(G˜) = T
on Ux together with the equalities G∂M = G˜∂M and II(G) = II(G˜) on U ∩ ∂M . Then G coincides with G˜.
Proof. The argument we use was inspired by an argument proposed by R. Hamilton to establish the unique-
ness of solutions to the Ricci flow on a closed manifold. We will say more about this in Remark 3.9 below.
Meanwhile, let us consider the set
Ω = {0} ∪ {y ∈ (0, x) |G = G˜ on Uy}
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and denote y0 = supΩ. The proof of the theorem will be complete if we show that y0 equals x. Assume this
is not the case. Then y0 must be less than x. We will now use this fact to obtain a contradiction. Our plan
is to demonstrate that G = G˜ on Uy0+δ0 for some δ0 ∈ (0, x−y0). This would contradict the definition of y0.
Suppose G has the form (2.2). Consider the ordinary differential equation
hˆ′′ =
hˆ
h ◦ hˆ′ (3.8)
on the interval [y0, x) for the unknown function hˆ. We impose the initial conditions
hˆ(y0) = 1, hˆ
′(y0) = y0. (3.9)
Employing the standard theory of ordinary differential equations, one can show that problem (3.8)–(3.9)
has a unique solution hˆ on [y0, y0 + δ] for some δ ∈ (0, x − y0). The reasoning one should use is the same
as the reasoning one used in the proof of Theorem 3.5 to deal with (3.5)–(3.6). The solution hˆ is smooth
on [y0, y0 + δ]. The values of hˆ
′ lie in [0, x). Also, hˆ and hˆ′′ are positive. Let us denote fˆi = fi ◦ hˆ′ for
i = 1, . . . , n− 1. These functions will help us show that G = G˜ on an appropriate neighborhood of o ∈ ∂M .
Set δ1 = hˆ
′(y0 + δ) − y0. Clearly, δ1 ∈ (0, x − y0). Our next step is to introduce a map Σ acting from
Uy0+δ \ Uy0 to Uy0+δ1 \ Uy0 if y0 6= 0 and from Uδ to Uδ1 if y0 = 0. Define Σ by the equality
Σ
(
(r, q1, . . . , qn−1)
)
=
(
hˆ′(r), q1, . . . , qn−1
)
, r ∈ [y0, y0 + δ), q1, . . . , qn−1 ∈ R,
employing our coordinates. It is easy to see that Σ is a diffeomorphism. Next we consider the metric
Gˆ = Σ∗G (the asterisk stands for pullback). Evidently, we can write this metric in the form
Gˆ = hˆ2(r) dr ⊗ dr +
n−1∑
i=1
fˆ2i (r) dqi ⊗ dqi, r ∈ [y0, y0 + δ).
The equation Ric(Gˆ) = Σ∗T holds. Together with Lemma 2.1 and the fact that hˆ′′ must be greater than 0
on [y0, y0 + δ], this equation implies
hˆ′′ =
√√√√ 1
σ ◦ hˆ′
n−1∑
j=1
(
hˆ2
fˆ2j
(φj ◦ hˆ′) + 2
n−1∑
k=j+1
fˆ ′kfˆ
′
j
fˆkfˆj
)
,
fˆ ′′i =
hˆ2
fˆi
(
−φi ◦ hˆ′ + hˆ
′fˆifˆ
′
i
hˆ3
+
(fˆ ′i)
2
hˆ2
−
n−1∑
j=1
fˆifˆ
′
j fˆ
′
i
hˆ2fˆj
)
, i = 1, . . . , n− 1, (3.10)
when the variable r takes values in [y0, y0 + δ). Also, it is not difficult to understand that
hˆ(y0) = 1, fˆi(y0) = fi(y0), hˆ
′(y0) = y0, fˆ
′
i(y0) =
f ′i(y0)
h(y0)
, i = 1, . . . , n− 1. (3.11)
Roughly speaking, the initial-value problem (3.10)–(3.11) enjoys the uniqueness of solutions. We will use
this to show that G = G˜ on Uy0+δ0 for some δ0 ∈ (0, x− y0).
Suppose the metric G˜ has the form
G˜ = h˜2(r) dr ⊗ dr +
n−1∑
i=1
f˜2i (r) dqi ⊗ dqi, r ∈ [0, x),
where h˜ and f˜1, . . . , f˜n−1 are positive functions on [0, x). By analogy with (3.8), let us consider the equation
hˇ′′ =
hˇ
h˜ ◦ hˇ′ (3.12)
7
on [y0, x) for the unknown hˇ. As in (3.9), we demand that
hˇ(y0) = 1, hˇ
′(y0) = y0. (3.13)
Problem (3.12)–(3.13) has a unique solution hˇ on [y0, y0 + δ˜] for some δ˜ ∈ (0, x − y0). Let us define
fˇi = f˜i ◦ hˇ′ with i = 1, . . . , n− 1. Arguing as above, we find equations for hˇ′′ and fˇ ′′1 , . . . , fˇ ′′n−1 in terms of hˇ
and fˇ1, . . . , fˇn−1, the derivatives hˇ
′ and fˇ ′1, . . . , fˇ
′
n−1, and the functions σ and φ1, . . . , φn−1. The next step
is to invoke the definition of y0 and the assumptions of the theorem. They imply
hˇ(y0) = 1, fˇi(y0) = f˜i(y0) = fi(y0),
hˇ′(y0) = y0, fˇ
′
i(y0) =
f˜ ′i(y0)
h˜(y0)
=
f ′i(y0)
h(y0)
, i = 1, . . . , n− 1.
We conclude that formulas (3.10)–(3.11) will hold on [y0, y0 + δ˜) if we replace hˆ and fˆ1, . . . , fˆn−1 (as well as
their derivatives) in these formulas by hˇ and fˇ1, . . . , fˇn−1 (and their corresponding derivatives). This enables
us to prove, with the aid of the standard uniqueness results for ordinary differential equations, that hˆ = hˇ
on [y0, y0 +min{δ, δ˜}] and fˆi = fˇi on that interval for all i = 1, . . . , n− 1. Consequently, we have
h =
hˆ
hˆ′′
◦ (hˆ′)−1 = hˇ
hˇ′′
◦ (hˇ′)−1 = h˜,
fi = fˆi ◦ (hˆ′)−1 = fˇi ◦ (hˇ′)−1 = f˜i, i = 1, . . . , n− 1,
when the variable r takes values in [y0, y0 + δ0) with the number δ0 ∈ (0, x− y0) given by
δ0 = hˆ
′(y0 +min{δ, δ˜})− y0 = hˇ′(y0 +min{δ, δ˜})− y0.
It follows that G = G˜ on Uy0+δ0 . But this contradicts the definition of y0. Hence y0 equals x, and G coincides
with G˜.
Remark 3.9. Our proof of Theorem 3.8 may be interpreted as an adaptation of R. Hamilton’s proof from [20]
(see also, e.g., [9, Chapter 3]) of the uniqueness of solutions to the Ricci flow on a closed manifold. Let us
comment on one aspect of this interpretation. R. Hamilton’s proof employed two harmonic map heat flows.
The counterparts of these flows in our argument are the ordinary differential equations (3.8) and (3.12).
One more remark is in order. It concerns all the results in Section 3, not just Theorem 3.8.
Remark 3.10. Let the manifold M be connected and acted upon by a compact Lie group G with cohomo-
geneity one; see, for example, [7, 11, 18]. Assume that the isotropy representation of the principal orbit type
of M splits into pairwise inequivalent irreducible summands. This assumption is quite natural; cf., for in-
stance, [11]. The questions of the existence and the uniqueness of solutions to the prescribed Ricci curvature
equation in the class of G-invariant Riemannian metrics near a principal orbit reduce to the investigation
of a system resembling (3.2). It seems that, following the arguments above, one can obtain analogues of
Theorems 3.1, 3.5, and 3.8 for such metrics.
We mentioned briefly in the introduction that some of the material in [8] was related to the results in
the present paper. Let us elaborate on this. Consider the standard action of the orthogonal group SO(m)
on the Euclidean space Rm for some m ≥ 3. Along with other things, the work [8] studied the existence and
the uniqueness of solutions to the prescribed Ricci curvature equation among SO(m)-invariant Riemannian
metrics on Rm; cf. Remark 3.10 above. It is possible to show that such metrics are conformally flat. The
proofs of many of the statements in [8] exploited this fact.
4 The case of a solid torus
We illustrate below how the results of Section 3 can provide information about rotationally symmetric metrics
near the boundary of a solid torus. Let us begin with some notation and some background. Consider the
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unit disk D2 = {(w, y) ∈ R2 |w2 + y2 ≤ 1} and the unit circle S1 = {(w, y) ∈ R2 |w2 + y2 = 1} in R2. We
will work with the solid torus
T = D2 × S1 ⊂ R2 × R2.
The boundary of T will be denoted by ∂T . The set C = {(0, 0)}×S1 ⊂ T is the core circle of T . We employ
cylindrical coordinates (γ, λ, µ) on T ; cf., for instance, [12]. The parameter γ takes values in the interval
[0, 1], while the parameters λ and µ takes values in (0, 1]. The solid torus T is a subset of R2 ×R2, and the
point (γ, λ, µ) ∈ T coincides with the point ((w1, y1), (w2, y2)) ∈ R2 × R2 such that
w1 = γ cos(2πλ), y1 = γ sin(2πλ),
w2 = cos(2πµ), y2 = sin(2πµ).
Our next step is to discuss two types of rotations of T . This will help us describe the tensors we will deal
with in the sequel.
For every λ0 ∈ (0, 1], consider the map Vλ0 : T → T defined in cylindrical coordinates by the formula
Vλ0
(
(γ, λ, µ)
)
=
{
(γ, λ+ λ0, µ), if λ+ λ0 ≤ 1,
(γ, λ+ λ0 − 1, µ), if λ+ λ0 > 1.
Intuitively, one may view Vλ0 as the rotation of T by the angle 2πλ0 around the core circle C. It is easy
to see that C remains fixed under Vλ0 . For each µ0 ∈ (0, 1], consider the map Wµ0 : T → T given by the
formula
Wµ0
(
(γ, λ, µ)
)
=
{
(γ, λ, µ+ µ0), if µ+ µ0 ≤ 1,
(γ, λ, µ+ µ0 − 1), if µ+ µ0 > 1.
If one visualizes T as a “doughnut” in R3, one may think of Wµ0 as the rotation of T by the angle 2πµ0
around the axis passing through the center of C perpendicular to the plane containing C. The set of fixed
points of Wµ0 is empty unless µ0 = 1. In this section, we focus on rotationally symmetric tensors on
neighborhoods of ∂T . By definition, such tensors possess two properties. Firstly, they are diagonal in
the cylindrical coordinates (γ, λ, µ). Secondly, they do not change when pulled back by Vλ0 and Wµ0 for
any λ0 ∈ (0, 1] and µ0 ∈ (0, 1]. Rotationally symmetric tensors on neighborhoods of ∂T admit a simple
characterization. Roughly speaking, their components in the coordinates (γ, λ, µ) do not depend on the
parameters λ and µ. In the next paragraph, we will talk about rotationally symmetric tensors near ∂T in a
more rigorous fashion. But before doing so, we have to introduce one more piece of notation.
Fix x ∈ (0, 1]. Let Tx stand for the set of points (γ, λ, µ) in T such that γ ∈ (1 − x, 1]. Thus, Tx is a
neighborhood of ∂T in T . We call a smooth (0,2)-tensor T on Tx a rotationally symmetric tensor on Tx if
it is given in cylindrical coordinates by the formula
T = ζ(γ) dγ ⊗ dγ + ψ1(γ) dλ⊗ dλ+ ψ2(γ) dµ⊗ dµ, γ ∈ (1− x, 1]. (4.1)
On the right-hand side, ζ and ψ1, ψ2 have to be functions from (1−x, 1] to R. Granted that T satisfies (4.1),
the equalities V∗λ0T = T and W∗µ0T = T hold for all λ0 ∈ (0, 1] and µ0 ∈ (0, 1]. The asterisks in them
designate pullback. One easily sees that, when T obeys (4.1), it is a type A tensor on appropriately chosen
neighborhoods in T with appropriate coordinate systems. A smooth Riemannian metric G on Tx is a
rotationally symmetric metric on Tx if
G = p2(γ) dγ ⊗ dγ + g21(γ) dλ⊗ dλ+ g22(γ) dµ⊗ dµ, γ ∈ (1− x, 1], (4.2)
for functions p and g1, g2 from (1− x, 1] to (0,∞). If G satisfies (4.2), then it is a type A metric on certain
neighborhoods in T equipped with proper coordinates. We write Ric(G) for the Ricci curvature of G. The
notation G∂T stands for the metric induced by G on ∂T . Finally, II(G) is the second fundamental form of
∂T computed in G with respect to the outward unit normal. Our goal is to show how the results of Section 3
can help establish the existence and the uniqueness of solutions to the prescribed Ricci curvature equation
9
in the class of rotationally symmetric metrics near ∂T . Only a little more preparation is required at this
point.
Assume β1, β2 and θ1, θ2 are real numbers with β1, β2 > 0. Consider the tensors R and S on ∂T defined
by the equalities
R = β21 dλ⊗ dλ+ β22 dµ⊗ dµ, S = θ1 dλ⊗ dλ+ θ2 dµ⊗ dµ. (4.3)
Applying Theorems 3.1, 3.5, and 3.8, we arrive at the following conclusions.
Proposition 4.1. Suppose T is a smooth tensor on Tx given by formula (4.1). Assume ζ(1) is not equal
to 0. Let R and S be tensors on ∂T given by (4.3). Then the following statements are equivalent:
1. For some ǫ0 ∈ (0, x), there exists a rotationally symmetric metric G on Tǫ0 satisfying the equation
Ric(G) = T on Tǫ0 together with the boundary conditions G∂T = R and II(G) = S on ∂T .
2. The quantity
1
ζ(1)
(
1
β21
ψ1(1) +
1
β22
ψ2(1) + 2
θ1θ2
β21β
2
2
)
is positive.
If the above statements hold and ζ(γ) 6= 0 for γ ∈ (1 − ǫ0, 1], then the rotationally symmetric metric G
satisfying Ric(G) = T , G∂T = R, and II(G) = S is unique on Tǫ0 .
We end this section with a remark concerning the solvability of the prescribed Ricci curvature equation
on all of T . Generally speaking, this is a complicated matter. We will not discuss it thoroughly.
Remark 4.2. Suppose T˘ is a smooth positive-definite (0,2)-tensor on T such that the restriction of T˘ to Tx
is a rotationally symmetric tensor on Tx. Assume θ1, θ2 > 0. Let S be given by the second formula in (4.3).
Then, for some ǫ˘0 ∈ (0, x), there exists a rotationally symmetric metric G˘ on Tǫ˘0 such that Ric(G˘) = T˘
on Tǫ˘0 and II(G˘) = S on ∂T . This is an easy consequence of Proposition 4.1. However, there is no smooth
Riemannian metric on all of T such that its Ricci curvature equals T˘ and the second fundamental form of ∂T
in this metric with respect to the outward unit normal equals S. This follows from Theorem 2 in [26].
5 The Einstein equation on a solid torus
In this section, we briefly discuss the Einstein equation on the solid torus T . Let us first state a definition.
We say that a smooth Riemannian metric G on T is a rotationally symmetric metric on T if
G = p2(γ) dγ ⊗ dγ + g21(γ) dλ⊗ dλ+ g22(γ) dµ⊗ dµ, γ ∈ (0, 1], (5.1)
in our cylindrical coordinates. Here, p and g1, g2 have to be functions from (0, 1] to (0,∞). The solutions
of the Einstein equation in the class of rotationally symmetric metrics on T can be found explicitly through
a simple computation. We write down these solutions below. Before doing so, however, we need to make a
few preparatory comments.
Suppose G is a rotationally symmetric metric on T and equality (5.1) is satisfied. It is well known that
the function g1 must then admit a smooth odd extension to [−1, 1]. We will preserve the notation g1 for this
extension. Clearly, g1(0) is equal to 0. This fact will be essential to our arguments later on. The functions
p and g2 must admit smooth even extensions to [−1, 1]. Again, we preserve the notations p and g2 for these
extensions. It is clear that p′(0) and g′2(0) are equal to 0 (the prime now designates differentiation with
respect to γ). This will also be important to our arguments later. The derivative g′1(0) must equal 2πp(0).
The values p(0) and g2(0) need to be positive. Thus, we have listed several properties of the components
of a rotationally symmetric metric on T in our cylindrical coordinates. Conversely, suppose we have three
smooth functions p and g1, g2 from [−1, 1] to R. Assume that g1 is positive on (0, 1] and odd whereas p and
g2 are positive on [−1, 1] and even. If g′1(0) = 2πp(0), then equality (5.1) defines a rotationally symmetric
metric on T . The reader may wish to see, e.g., [19, 12] for related material.
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In what follows, we fix a number τ ∈ R and set κ =
√
2|τ | . Consider a rotationally symmetric metric
G on T satisfying (5.1). The notation Ric(G) will stand for the Ricci curvature of G. Let us introduce a
new coordinate system (ξ, λ, µ) on T . We obtain it from (γ, λ, µ) by replacing the parameter γ with the
parameter ξ connected to γ by the formula
ξ(γ) =
∫ γ
0
p(ρ) dρ, γ ∈ [0, 1]. (5.2)
The values of ξ range from 0 to the number ξ0 equal to
∫ 1
0
p(ρ) dρ. In the coordinate system (ξ, λ, µ), we
have
G = dξ ⊗ dξ + g¯21(ξ) dλ⊗ dλ+ g¯22(ξ) dµ ⊗ dµ, ξ ∈ (0, ξ0], (5.3)
where g¯1, g¯2 are smooth functions from [0, ξ0] to [0,∞). The comments made in the previous paragraph
imply
g¯1(0) = 0, ˙¯g1(0) = 2π, ˙¯g2(0) = 0. (5.4)
Here and in what follows, the dot designates differentiation with respect to ξ.
Proposition 5.1. Suppose the rotationally symmetric metric G on T satisfies equality (5.1) and solves the
Einstein equation
Ric(G) = τG (5.5)
on T . If τ > 0, then ξ0 lies in
(
0, π
κ
)
and there exists a constant c1 > 0 such that
G = dξ ⊗ dξ + 8π
2
κ2
(1− cosκξ) dλ⊗ dλ + c1(1 + cosκξ) dµ⊗ dµ, ξ ∈ (0, ξ0]. (5.6)
If τ < 0, then we can find c2 > 0 ensuring that
G = dξ ⊗ dξ + 16π
2
κ2
sinh2
κξ
2
dλ ⊗ dλ+ c2 cosh2 κξ
2
dµ⊗ dµ, ξ ∈ (0, ξ0]. (5.7)
When τ = 0, there is c3 > 0 such that
G = dξ ⊗ dξ + 4π2ξ2 dλ⊗ dλ+ c3 dµ⊗ dµ, ξ ∈ (0, ξ0]. (5.8)
Proof. We will only consider the case where τ > 0. Analogous arguments work if τ < 0 or τ = 0. The metric
G can be written in the form (5.3). Our goal is to find the functions g¯1 and g¯2. The Einstein equation (5.5)
and Lemma 2.1 imply
−g¯2¨¯g1 − ˙¯g1 ˙¯g2 = τ g¯1g¯2,
−g¯1¨¯g2 − ˙¯g1 ˙¯g2 = τ g¯1g¯2, ξ ∈ (0, ξ0]. (5.9)
Adding these together yields
(g¯1g¯2)¨ + 2τ g¯1g¯2 = 0, ξ ∈ (0, ξ0].
In view of (5.4), we conclude that
g¯1(ξ)g¯2(ξ) =
2πg¯2(0)
κ
sinκξ, ξ ∈ [0, ξ0].
It now follows from (5.9) and (5.4) that
˙¯g1(ξ)g¯2(ξ) = πg¯2(0)(cosκξ + 1),
g¯1(ξ) ˙¯g2(ξ) = πg¯2(0)(cosκξ − 1), ξ ∈ [0, ξ0].
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Manipulating the last three equalities and making use of (5.4) again, we obtain
g¯1(ξ) =
2
√
2π sinκξ
κ
√
1 + cosκξ
,
g¯2(ξ) =
g¯2(0)√
2
√
1 + cosκξ , ξ ∈ [0, ξ0].
It becomes clear that ξ0 must lie in
(
0, π
κ
)
and the metric G must satisfy (5.6).
Remark 5.2. Proposition 5.1 enables us to make conclusions about the existence of solutions to the Einstein
equation on T with given boundary data. For example, suppose G is a rotationally symmetric metric on T .
Fix two numbers β1, β2 > 0. Let G∂T denote the Riemannian metric on ∂T induced by G. Proposition 5.1
implies that, if τ > 0 and β1 ≥ 4πκ , equation (5.5) and the equality
G∂T = β
2
1 dλ⊗ dλ+ β22 dµ⊗ dµ
cannot be satisfied simultaneously. This observation is somewhat related to the material in [1, 2].
The converse of Proposition 5.1 holds as well. More precisely, suppose p is a smooth positive even function
on [−1, 1]. Introduce the coordinate system (ξ, λ, µ) on T by replacing the parameter γ in the coordinate
system (γ, λ, µ) with the parameter ξ related to γ through (5.2). If τ > 0 and ξ0 ∈
(
0, π
κ
)
, then formula (5.6)
defines a rotationally symmetric metric on T for any c1 > 0. It is not difficult to verify that this metric
solves the Einstein equation (5.5). In doing so, Lemma 2.1 may come in handy. Let us now assume τ < 0.
Formula (5.7) determines a rotationally symmetric metric on T for any c2 > 0. One easily checks that this
metric satisfies (5.5). Finally, let us assume τ = 0. We arrive at similar conclusions. Namely, (5.8) yields a
rotationally symmetric metric on T for any c3 > 0. This metric solves (5.5).
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